The resource theory of coherence studies the operational value of superpositions in quantum technologies. A key question in this theory concerns the efficiency of manipulation and interconversion of this resource. Here we solve this question completely for mixed states of qubits by determining the optimal probabilities for mixed state conversions via stochastic incoherent operations. This implies new lower bounds on the asymptotic state conversion rate between mixed single-qubit states which in some cases is proven to be tight. Furthermore, we obtain the minimal distillable coherence for given coherence cost among all single-qubit states, which sheds new light on the irreversibility of coherence theory.
The resource theory of coherence studies the operational value of superpositions in quantum technologies. A key question in this theory concerns the efficiency of manipulation and interconversion of this resource. Here we solve this question completely for mixed states of qubits by determining the optimal probabilities for mixed state conversions via stochastic incoherent operations. This implies new lower bounds on the asymptotic state conversion rate between mixed single-qubit states which in some cases is proven to be tight. Furthermore, we obtain the minimal distillable coherence for given coherence cost among all single-qubit states, which sheds new light on the irreversibility of coherence theory.
Introduction. Quantum coherence is a fundamental feature of quantum systems, arising from the superposition principle of quantum mechanics [1] . This motivated the development of a rigorous resource theory of coherence [2] [3] [4] [5] [6] , allowing for quantitative investigations of the role of coherence in fundamental quantum technological applications, including quantum metrology [7, 8] , quantum algorithms [9, 10] and quantum biology [11] .
A quantum resource theory is typically bases on two main ingredients, the free states and the free operations [6, 12, 13] , both arising from additional restrictions on the set of quantum operations [14] [15] [16] . In the case of coherence theory, the free states are incoherent states, i.e., quantum states which are diagonal in a fixed basis. One reason to consider such free states is naturally given by the unavoidable interaction with the environment which leads to the destruction of coherence in the basis that defines classical states. Regarding the free operations, several choices are discussed in the literature, leading to resource theories highlighting different aspects of coherence (see [6] for an overview). Here, we will focus on incoherent operations (IO), which correspond to quantum measurements which cannot create coherence for individual measurement outcomes [3] and strictly incoherent operations (SIO): these are quantum measurements which can neither create nor use coherence for all possible outcomes [4, 5] .
One of the central questions within a resource theory is the state conversion problem, i.e., the characterization of all quantum states which can be created from a given state via free operations with certainty. The answer to this questions leads to a partial order on the states which determines their usefulness or value, since a given state can be used in all protocols which require a state that can be created from it. The state-conversion problem within SIO and IO has been solved for all pure states [4, 17] and for mixed states of a single qubit [18] [19] [20] .
A more general question concerns stochastic state conversion, i.e., the optimal probability for incoherent transformation between two given quantum states. For transformations between pure states, this question has been addressed in [21, 22] . In this work, we study stochastic state-conversion for general mixed states and present a complete solution for this problem for all states of a single qubit. Remarkably, there exists a discontinuity in the maximal probability p(ρ → σ) for transforming mixed ρ into σ using only incoherent operations: For fixed and mixed ρ, p(ρ → σ) is either strictly zero or takes some finite value. From this, we will deduce that for generic states ρ, there exists a set of states which can neither be achieved nor approximated via stochastic incoherent operations, even with arbitrary little probability.
With the results concerning single copy transformations at hand, we are then able to give a lower bound on the asymptotic conversion rate [4] between qubits states, i.e. the maximal rate at which, in the limit of infinitely many copies, an initial state can be converted into the target state. This lower bound can be better than previously known bounds in [4] and for certain states, it coincides with upper bounds that also appeared in [4] . The proofs not given in the main text can be found in the Supplemental Material.
Stochastic resource theory of coherence. In this section, we lay down the foundations of this work. As mentioned in the introduction, a main ingredient of coherence theories are incoherent states
which are diagonal in the fixed basis {|i }. As the free operations, we consider incoherent operations [3] : these are quantum transformations Λ which admit an incoherent Kraus decomposition (Λ[ρ] ). If we want to call this operation incoherent, we have to ensure that it is part of a deterministic incoherent operation, otherwise we would simply disregard the nonfree part of the operation. That this is always possible has been shown in [23] . Therefore we call all stochastic operations that can be decomposed into incoherent Kraus operators incoherent as well. If we can implement a stochastic transformations from a state ρ to a state σ with probability p, we will write ρ → pσ.
As we will see in the following, most of the analysis in this work can be reduced to the mathematically simpler family of strictly incoherent operations. These are operations that can be decomposed into strictly incoherent Kraus operators K i which are defined by the property that both K i and K † i are incoherent [4, 5] . SIO can be interpreted as quantum measurements which can neither create nor use coherence even if postselection is applied to the measurement outcomes i identified with K i . As in the case of IO, a free completion is possible: Proposition 1. Every stochastic quantum operation that can be decomposed into strictly incoherent Kraus operators is part of a deterministic SIO.
Coherence theory on the Bloch sphere. Since part of this work is concerned with qubits, we will make frequent use of the Bloch representation, which states that every qubit state ρ can be represented by a subnormalized vector r = (r x , r y , r z ) through
where σ represents a vector containing the Pauli matrices. As done in the Equation above, we denote density operators by small Greek letters and their Bloch vectors by the respective small Latin letter. Throughout the following, we assume the eigenbasis of σ z to be incoherent. Then rotations about the z-axis of the Bloch sphere and their inverse are both in SIO and in IO, leading to an invariance of measures and transformation probabilities under these rotations. This makes it very convenient to introduce the quantity
Single-qubit state conversion via stochastic incoherent operations. Here we present our results concerning the optimal single-qubit state conversion via IO. Our first step is to reduce the analysis of this problem to the simpler case of SIO. In order to do this, we use the following Proposition.
Proposition 2.
For two states ρ, σ and a probability p let there be a stochastic SIO achieving the transformation
Then, for every incoherent state τ and every 0 ≤ q ≤ 1 − p, there exists a stochastic SIO achieving the transformation
This allows us to prove the promised Theorem.
Theorem 3. Let ρ and σ be states of a single qubit. The following statements are equivalent:
(1) There exists an IO converting ρ into σ with probability p.
(2) There exists a SIO converting ρ into σ with probability p.
With this result at hand, we are ready to state our main result, using the shorthand notation from above.
Theorem 4.
A qubit state σ is reachable via a stochastic SIO or IO transformation from a fixed initial qubit state ρ with a given probability p iff
holds.
As shown in Fig. 1 , this Theorem has a nice geometrical interpretation on the Bloch sphere: Eq. (7a) defines an ellipsoid which is independent of p and Eq. (7b) a cylinder which depends on p. The reachable states lie inside their intersection. For p ≤ 1 − |r z |, the ellipsoid is entirely contained in the cylinder and Eq. (7b) is automatically satisfied if Eq. (7a) holds (see proof of Thm. 4). Therefore, lowering the demanded probability of success below 1 − |r z | will not increase the set of reachable states. This implies that for mixed ρ, there is a discontinuity in p(ρ → σ) and the states outside the ellipsoid cannot be achieved via stochastic incoherent operations, even with arbitrary little probability. Since the Euclidean distance between qubits on the Bloch sphere equals twice their trace distance, this also implies that the states outside the ellipsoid cannot be approximated, because no state in a neighbourhood can be reached.
In addition, Thm. 4 leads to the following Corollary.
Corollary 5. The maximal probability p ρ → σ for a successful transformation from a coherent qubit state ρ to a coherent qubit state σ using IO or SIO is zero if For an initial state with r x = r = 0.6 and r z = 0.7, which is depicted by the red dot, the reachable regions for three different probabilities p are shown. The regions which are reachable with lower probability include the ones reachable with higher probability.
otherwise.
For states that are of higher dimension than two, we can give upper bounds on the maximal conversion probability via IO. Denoting by C any coherence measure with the properties defined in [3] , it holds that
Note that these bounds also appeared in [21] .
Asymptotic state conversion via IO. In the scenario considered so far we assumed that incoherent operations are applied on one copy of the state ρ. In the following we will extend our investigations to asymptotic conversion scenarios, where incoherent operations are performed on a large number of copies of the state ρ. The figure of merit in this setting is the asymptotic conversion rate
where ||M|| 1 = Tr √ M † M is the trace norm, the infimum is performed over all incoherent operations Λ, and x is the largest integer smaller or equal to the real number x.
It is now important to note that the single copy conversion probability p(ρ → σ) is a lower bound for the conversion rate:
In fact, asymptotic conversion at rate p(ρ → σ) can be achieved by applying stochastic IO on each copy of the state ρ. Denoting by C d the distillable coherence and by C c the coherence cost [4] , the bounds
appeared in [4] .
As was shown again in [4] , the distillable coherence admits the following closed expression:
where S(ρ) = −Tr[ρ log 2 ρ] is the von Neumann entropy and ∆[ρ] = i |i i|ρ|i i| is the dephasing operator. Moreover, the coherence cost C c is equal to the coherence of formation C f [4] :
Here, the minimization is performed over all pure state decompositions of the state ρ = i p i ψ i . Up until here, the results concerning asymptotic conversions were valid for general dimensions. From here on, we will specialize them exclusively to qubits. For single-qubit states, Eq. (15) can be further simplified as follows [24] :
where h(x) = −x log 2 x − (1 − x) log 2 (1 − x) is the binary entropy and ρ 01 = 0|ρ|1 . We will now demonstrate the power of these results on a specific example. For this, we consider the following single-qubit state:
We will study the conversion of ρ into a convex combination of maximally coherent states |± = (|0 ± |1 )/ √ 2, i.e., the final state σ has the form
In Fig. 2 we compare the aforementioned upper and lower bounds on the state conversion rate for the states ρ and σ in Eqs. (17) and (18) . In particular, there exists a range of the parameter q where the conversion probability p(ρ → σ) [solid line in Fig. 2 ] is very close to the upper bound min Fig. 2] . The true asymptotic conversion rate R(ρ → σ) is between these two lines. The quality of our bound should also be compared to the lower bound C d (ρ)/C c (σ) [dotted line in Fig. 2 ]. The Figure clearly shows that the two different lower bounds have their advantages for different values of the parameter q: For q close to 1/4, our new bound is much tighter than the best previously known bound [4] . If q is below a critical value, the new bound is zero. This corresponds to the region outside the reachable ellipsoid. In addition, the new bound can never exceed one, and thus the results from [4] give a better bound when σ has much lower coherence than ρ, which corresponds to q ≈ 1/2. Indeed, we note that for q = 1/4 the conversion probability p(ρ → σ) coincides with the upper bound C c (ρ)/C c (σ), and in fact both are equal to 1. This implies that the asymptotic conversion rate is given by R(ρ → σ) = 1 in this case. We will generalize this observation in the following Theorem, leading to a family of single-qubit states which can be interconverted with unit rate. 
We will now apply the methods developed in this Letter for studying the irreversibility of coherence theory. For any quantum resource theory, the conversion rate R fulfills the following inequality for any two nonfree states ρ and σ: The resource theory is called reversible if Eq. (20) is an equality for all nonfree states. Otherwise, the resource theory is called irreversible. Examples for reversible resource theories are the theories of entanglement and coherence, when restricted to pure states only. However, both theories are not reversible for general mixed states [4, 25] . General properties of reversible resource theories have been investigated in [13, 26] .
In the following, we will study the irreversibility of coherence theory in more detail. In particular, we will investigate which values of distillable coherence C d a single-qubit state can attain, for a fixed amount of coherence cost C c . The most interesting family of states in this context is given by σ in Eq. (18) : this family of states has the minimal distillable coherence C d for a fixed coherence cost C c and vice versa maximal C c for fixed C d [27] . This result allows us to plot the allowed region of coherence cost and distillable coherence in Fig. 3 . The upper curve is given by C d (ρ) = C c (ρ), which is attained if ρ is a pure state.
Conclusions.
In this Letter, we studied stochastic single-qubit state conversions via incoherent operations (IO) [3] and strictly incoherent operations (SIO) [4, 5] . This is an important problem, since it determines the value of qubit states for protocols using coherence. First we showed that achievable single shot conversion probabilities between qubit states are equal for SIO and IO. With the help of a recent characterization of all SIOs on qubits [19] , this allowed us to find simple inequalities describing all qubit states that can be reached from an initial state with fixed non-zero probability p. As a Corollary, we determined the maximal probability to successfully transform one qubit state into another. These results can be seen as a generalization of recent results on single-shot coherence theory [28, 29] .
This single shot conversion rate gives a lower bound on the asymptotic conversion rate, which is in some areas significantly better than the best previously known bound [4] . In addition, it coincides for some states with an upper bound from [4] , solving the asymptotic conversion problem in these cases. Finally we investigated the irreversibility of coherence theory in the asymptotic limit and determined the possible distillable coherence for fixed coherence cost.
Appendix A: Technical proofs
Here we give the missing proofs of the main text. For readability, we restate the results.
Proposition (1) . Every stochastic quantum operation that can be decomposed into strictly incoherent Kraus operators is part of a deterministic SIO.
Proof. Strictly incoherent Kraus operators K n are of the form
where f n (i) is a bijective function on {1, ..., d}. If they form a stochastic quantum operation, we have
Therefore n |c i,n | 2 ≤ 1∀i and we can definẽ
which is a strictly incoherent Kraus operator and has the
Proposition (2) . For two states ρ, σ and a probability p let there be a stochastic SIO achieving the transformation
Proof. The key idea in this proof is that the set of strictly incoherent Kraus operators is closed under concatenation. Therefore, the overall map that describes the application of a SIO on post-selected output states of another SIO is still in SIO. From Prop. 1 follows that we can always complete a stochastic SIO for free. The part completing the map has, with probability 1 − p, a state µ as an output. Applying total dephasing to µ, we obtain an incoherent state µ , which we can transform into τ using SIO. In addition, we can do this only stochastically, which proves the Proposition.
Theorem (3) . Let ρ and σ be states of a single qubit. The following statements are equivalent: (1) There exists an IO converting ρ into σ with probability p.
Proof. An incoherent Kraus operator K is of the form
and it is strictly incoherent if j(i) is one-to-one [4] . Therefore all incoherent qubit Kraus operators are either also strictly incoherent or their output is, independent of the input, incoherent. Let us use the strictly incoherent ones to define a stochastic SIO. Then Prop. 2 finishes the proof. Note that this proof technique does not work in higher dimensions, since then, there exist j(i) that have neither the same output for all i (and have thus incoherent output), nor are they one-to-one.
Theorem (4).
Proof. [19] , every E SIO s can be represented by four SIO Kraus operators
Since overall phases of Kraus operators are physically irrelevant, we assume from here on a i , b 3 ≥ 0. Defining a = (a 1 , a 2 , a 3 ) and b = (b 1 , b 2 , b 3 ), the condition that E SIO s is trace non-increasing is equivalent to l := |b| 2 ≤ 1. Due to symmetries and as explained in [19] , we can restrict our analysis to the case s y = r y = 0 and s x , r x , s z , r z ≥ 0. More precisely, we assume r x > 0 from here on, since otherwise we have the trivial case of incoherent initial states. From
then follow the Equations
or equivalently
The principal idea of our proof from here on is the following: For fixed r x , r z , p, we determine states (s x , s z ) on the boundary of the region which is achievable with stochastic SIO, i.e. the region for which the Equations above have a solution for suitable a, b. Since the achievable region is convex and contains the free states (we can always mix incoherently with a free state), this will allow us to deduce the entire reachable region. Now assume that (s x , s z ) is on the boundary of the reachable region. Then one can choose a 3 = 0 and b 3 = 0, since K 3 and K 4 destroy all coherence. Formally, this can be shown considering
, a 2 , 0),
which lead to
Remember that we consider fixed r x , r z and p > 0. Thus s x ≥ s x and s z = s z . This mixing argument with the free states excludes boundaries of the achievable region parallel to the x-axis. Therefore s x > s x for s z = s z cannot happen if both (s x , s z ) and (s x , s z ) lie on the boundary and we will assume from here on a 3 = b 3 = 0 and b 1 , b 2 ≥ 0. This leads to the Equations
Next we notice that the second line in the above Equations defines an ellipse. Remembering that we excluded the trivial case of r z = 1 by assuming r x > 0, we can therefore use the parametrization
Without loss of generality, we choose 0 ≤ t ≤ π/2 and the condition l a , l b ≤ 1 leads to
which restricts the range of t further. Next we substitute 
When we know for every reachable s x the largest possible s z , we achieved our goal of determining the boundary of the reachable region. Therefore we fix s x and and maximize s z . For fixed s x , we obtain from the first Equation a relation between t and θ, sin(θ(t)) = 1 − r 2 z s x r x sin(2t)
.
Using 0 ≤ θ ≤ π/2, we can rewrite the second Equation as
s z (t, φ) = cos(2t) sin(θ(t)) sin(φ) + 1 − sin 2 (θ(t)) cos(φ), which is maximal either on the boundary or for 0 = ∂s z (t, φ) ∂φ = sin(θ(t)) cos(2t) cos(φ) − 1 − sin 2 (θ(t)) sin(φ).
Since we have −π/2 ≤ −θ ≤ φ ≤ θ ≤ π/2, this is equivalent to
sin(θ(t)) cos(2t)
(1 − sin 2 (θ(t)))
Using that arctan(x) is monotonically increasing in x, we find
and therefore φ inside the allowed region. Then the s z (t), the s z optimized over φ, is independent of t and given by
Note that the expression under the square root is, due to Eq. (A20), never negative. Now we need to check the boundaries. To do this, we express t in terms of θ and define X = sin 2 (θ) ( therefore (1 − r 
